Abstract. Let p be a prime, and let k, n, m, n 0 and m 0 be nonnegative integers such that k ≥ 1, and 0 and m 0 are both less than p. K. Davis and W. Webb established that for a prime p ≥ 5 the following variation of Lucas' Theorem modulo prime powers holds
INTRODUCTION AND MAIN RESULTS
In 1878,É. Lucas proved a remarkable result which provides a simple way to compute the binomial coefficient a b modulo a prime p in terms of the binomial coefficients of the base-p digits of nonnegative integers a and b with b ≤ a. Namely, if p is a prime, and n, m, n 0 and m 0 are nonnegative integers with n 0 , m 0 ≤ p − 1, then a beautiful theorem of Lucas ([11] ; also see [6] ) states that for every prime p,
(with the usual convention that [7] (also see [8] and [6, Theorem 1] . Let p be any prime, and let k, n, m, n 0 and s be positive integers such that 0 < n 0 , m 0 < p s . Then
REMARK 1. As noticed above, Theorem A is proved by the authors using their result in [3, Theorem 3] which is slightly more complicated (cf. remarks by A. Granville in [6, Introduction] ). The aim of this note is to give a simple elementary approach to the proof of Theorem A. For this purpose, in this note, we establish a simple induction proof of Corollary of Theorem A ([4, Corollary 1]). We point out that, proceeding by induction on s, the congruence in this Corollary (our Theorem given below) allows us to establish a short and simple proof of Theorem A. This proof will be presented in the following version of this article.
THEOREM ([4, Corollary 1])
. Let p be any prime, and let k, n, m, n 0 and m 0 be nonnegative integers such that k ≥ 1, and n 0 and m 0 are both less
where ⌊a⌋ is the greatest integer less than or equal to a. Furthermore, for p = 2 the congruence (2) with ⌊k/2⌋ instead of ⌊(k − 1)/3⌋ is satisfied, and for p = 3 the congruence (2) with ⌊(k − 1)/2⌋ instead of ⌊(k − 1)/3⌋ is also satisfied.
As noticed above, the congruences (2) Our proof of the above theorem is inductive, and it is based on some congruences of Jacobsthal (see, e.g., [6] ) and Sun and Davis [18] . Namely, the following lemma provides a basis for induction proof of Theorem.
LEMMA. Let n, m and k be nonnegative integers with m ≤ n and k ≥ 1. If p is a prime greater than 3, then
Furthermore, for p = 2 and p = 3 we have
Proof. We first suppose that p ≥ 5. Then we claim that the congruence
holds for all nonnegative integers n, m, k and i such that
we immediately obtain (3) from our Lemma.
To prove (6), we use induction on i ≥ 1. By a result of Jacobsthal (see, e.g., [6] 
for any integers n ≥ m ≥ 0 and prime p ≥ 5, where e is the power of p dividing p 3 nm(n − m) (this exponent e can only be increased if p divides B p−3 , the (p − 3)rd Bernoulli number). Therefore, the congruence (7) with np k−1 and mp k−1 instead of n and m, respectively, is satisfied for the exponent e = 3 + 3(k − 1) = 3k. This is in fact the congruence (6) with i = 1.
Now suppose that (6) holds for some i such that 1 ≤ i ≤ k − 1. Then by a result of Jacobsthal mentioned above, the congruence (7) with np k−(i+1) and mp k−(i+1) instead of n and m, respectively, is satisfied for the exponent e = 3+3(k−(i+1)) = 3(k−i). This, together with the induction hypothesis given by (6), yields
as desired. If p = 2 then by [18, Lemma 3.2, the congruence (3.
3)], we have
where ord 2 (n) is the largest power of 2 dividing n. Then by induction on k ≥ 1, similarly as above, easily follows the congruence (4).
Finally, if p = 3 then by [18, Lemma 3.2, the congruence (3.
2)], we have
where ord 3 (n) is the largest power of 3 dividing n.
Then by induction on k ≥ 1 easily follows the congruence (5). This completes the induction proof.
Proof of Theorem. First suppose that p ≥ 5, and that k is any fixed positive integer. In order to prove the congruence (2), we proceed by induction on the sum s := n 0 + m 0 ≥ 0, where 0 ≤ n 0 , m 0 ≤ p − 1, and hence 0 ≤ s ≤ 2p − 2. If s = 0, that is n 0 = m 0 = 0, then the congruence (2) reduces to the congruence (3) of our Lemma. Now suppose that the congruence (2) is satisfied for all n, m, n 0 and m 0 such that n 0 + m 0 = s for some s with 0 ≤ s ≤ 2p − 3. Next assume that n 0 and m 0 are any nonnegative integers such that n 0 + m 0 = s + 1. Then consider the cases: n 0 < m 0 , n 0 = m 0 ≥ 1 and n 0 ≥ m 0 + 1. , we find that
If n 0 = m 0 − 1 then since 1 ≤ m 0 ≤ p − 1, the first factor on the right hand side of the above equality is divisible by p k . If n 0 < m 0 − 1 then since n 0 + (m 0 − 1) = s, by the induction hypothesis, we get
Hence, in both cases we obtain
as desired. 
This congruence and the fact that 1 ≤ n 0 ≤ p − 1 imply
whence follows (2). 
The above congruence and the facts that 1 ≤ n 0 ≤ p − 1 and 1
and so, (2) is satisfied. This concludes the assertion for any prime p ≥ 5.
The assertions of Theorem for p = 2 and p = 3 can be obtained by using the same method as in the above induction proof for p ≥ 5, and hence may be omitted. Recall that the bases of induction proofs related to p = 2 and p = 3 are the congruences (4) and (5) of Lemma, respectively.
This completes the induction proof of Theorem.
We now obtain two immediate consequences of Theorem.
COROLLARY 1 ([1, Theorem 3]).
If p is a prime, n, m, n 0 and m 0 are nonnegative integers, and n 0 and m 0 are both less than p, then
Proof. First observe that the above assertion for p ≥ 5 is a particular case of Theorem for k = 2.
If p = 3 then taking k = 2 in (5) of Leemma, we obtain 9n 9m ≡ n m (mod 9).
If we assume that the above congruence is a base of induction, then applying the same method as in the proof of Theorem for the case p ≥ 5, we obtain
for all n, m, n 0 and m 0 with 0 ≤ n 0 ≤ 2 and 0 ≤ m 0 ≤ 2. Analogously, using the same argument, if we prove that (mod 4), and thus (8) is equivalent to the congruence
By the last congruence in the Proof of Lemma 3.2 in [18] , we have
(10) If m is even, then the above congruence immediately yields (9) for all n. If m is odd and n is even, then by Lucas' Theorem, n m ≡ 0 (mod 2), and thus (10) implies that (mod4), which together with the fact that n 2 ≡ 1 (mod 4), by (10) yields
greater than 3, then the numerator of the fraction ≡ 1 (mod p 5 ). Since the previous congruence is is a particular case of (15) for n = 2 and m = 1, McIntosh's Conjecture suggests the following.
CONJECTURE. The exponent ⌊(k −1)/3⌋ in the congruence (2) of Theorem can only be decreased for k = 4 when p is a Wolstenholme prime. REMARK 3. Given any prime prime p and k ≥ 2, setting n = m = n 0 = 1 and m 0 = 0 in (2) of Theorem, we obtain
This, together with the trivial fact that p k + 1 ≡ 1 (mod p k+1 ), shows that the exponent k of the modulus (mod p k ) in the congruence (2) of Theorem cannot be increased for none k and p.
